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THE TERNARY GOLDBACH PROBLEM WITH THE
PIATETSKI-SHAPIRO PRIMES
SHANSHAN DU AND HAO PAN
Abstract. With the help of the transference principle, we prove that for any
c1, c2, c3 ∈ (1, 73/64), every sufficiently large odd n can be represented as the
sum of three primes p1, p2 and p3, where for each 1 ≤ i ≤ 3, pi is of the form
⌊nci⌋.
1. Introduction
The weak Goldbach conjecture asserts that every odd integer greater than 5
can be represented as the sum of three primes. The well-known Vinogradov three
primes theorem says that the weak Goldbach conjecture is true for every sufficiently
large odd integer. In 2013, Helfgott [8] completely confirmed Goldbach’s weak
conjecture.
Nowadays, Vinogradov’s three primes theorem has been extended to some primes
of special forms. For example, in 1992, Balog and Friedlander [1] generalized Vino-
gradov’s three primes theorem to the Piatetski-Shapiro primes. For each non-
integral c > 1, the primes lying in Nc are called Piatetski-Shapiro prime corre-
sponding to c, where
N
c = {⌊nc⌋ : n ∈ N}
and ⌊x⌋ = max{a ≤ x : a ∈ Z}. In 1953, Piatetski-Shapiro [20] proved that for any
1 < c < 11/10, there exist infinitely many primes p of the form ⌊nc⌋. Subsequently,
the upper bound for c was improved several times [9, 10, 13, 21]. The current best
result is c ∈ (1, 243/205) due to Rivat and Wu [22].
In [1], Balog and Friedlander considered the problem to represent large odd inte-
gers as the sums of three Piatetski-Shapiro primes. They proved that if c1, c2, c3 > 1
satisfy
9c3
c3 − 1 < 1,
9c2
c2 − 1 +
6c3
c3 − 1 < 1,
9c1
c1 − 1 +
6c2
c2 − 1 +
6c3
c3 − 1 < 1,
then every sufficiently large odd integer can be represented as p1 + p2 + p3 where
the prime pi ∈ Nci for 1 ≤ i ≤ 3. In particular, for each 1 < c < 21/20, if odd n is
sufficiently lager, then n = p1+p2+p3 where the primes p1, p2, p3 ∈ Nc. The result
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of Balog and Friedlander was improved and extended in [3, 11, 12, 14, 18, 19, 26].
The best known result on this problem is due to Kumchev, whose showed that
every sufficiently large odd integer can be represented as p1 + p2 + p3 with the
prime pi ∈ Nci, provided that
73c3
c3 − 1 < 9,
73c2
c2 − 1 +
43c3
c3 − 1 < 9,
73c1
c1 − 1 +
43c2
c2 − 1 +
43c3
c3 − 1 < 9.
As a corollary, the sum of three primes lying in Nc can represent each sufficiently
large odd integer, where 1 < c < 53/50.
On the other hand, in the recent years, the transference principle, which origins
from Green’s proof of Roth’s type theorem for primes [5], has been applied to the
ternary Goldbach problems for several special types of primes. For example, in
[16], Matoma¨ki, Maynard and Shao proved that for any ǫ > 0, every sufficiently
large odd integer N can be represented as N = p1 + p2 + p3 such that p1, p2, p3 are
primes and ∣∣∣∣pi − N3
∣∣∣∣ ≤ N0.55+ǫ
for 1 ≤ i ≤ 3. For more applications of the transference principle in Goldbach’s
problem, the readers may refer to [6, 15, 16, 17, 23, 24, 25].
In this paper, we shall apply Green’s transference principle to the ternary Gold-
bach problem for the Piatetski-Shapiro primes. Let P denote the set of all primes.
Suppose that that for any A > 0, we have∑
p≤N
p∈P∩Nc
cp1−
1
c log p · e(pθ) =
∑
p≤N
p∈P
log p · e(nθ) +OA
(
N
(logN)A
)
(1.1)
uniformly for each θ ∈ [0, 1), where OA means that the implied constant only
depends on A. Then we say that the constant c satisfies the weak Balog-Friedlander
condition. In [1], Balog and Friedlander proved that each c ∈ (1, 9/8) satisfies the
weak Balog-Friedlander condition. In fact, they obtained a stronger result:∑
p≤N
p∈P∩Nc
cp1−
1
c log p · e(pθ) =
∑
p≤N
p∈P
log p · e(nθ) +Oc(N1−δ) (1.2)
for any c ∈ (1, 9/8) and θ ∈ [0, 1), where δ > 0 is a constant only depending on c.
This is also the reason why (1.1) is called the weak Balog-Friedlander condition.
Theorem 1.1. Suppose that c1, c2, c3 ∈ (1, 6/5) satisfy the weak Balog-Friedlander
condition. Then every sufficiently large odd n can be represented as
n = p1 + p2 + p3,
where p1, p2, p3 are primes and pi ∈ Nci for each 1 ≤ i ≤ 3.
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In fact, Kumchev [12] improved the result of Balog and Friedlander, and showed
that (1.2) is valid for every 1 < c < 73/64. Hence
Corollary 1.1. For any c1, c2, c3 ∈ (1, 73/64), every sufficiently large odd n can
be represented as
n = p1 + p2 + p3,
where p1, p2, p3 are primes and pi ∈ Nci for each 1 ≤ i ≤ 3.
2. The transference principle
Lemma 2.1. Let ǫ, η > 0 and let N be a positive integer. Let f1, f2, f3 be non-
negative functions over [N ]. Suppose that each f ∈ {f1, f2, f3} satisfy that
(i) For any arithmetic progression P ⊆ [N ] with |P | ≥ ηN ,
1
|P |
∑
n∈P
f(n) ≥ 1
3
+ ǫ.
(ii) There exists a function ν over [N ] with f ≤ ν such that∥∥νˆ − 1̂[N ]∥∥L∞ ≤ ηN.
(iii) For some K ≥ 1 and 2 < q < 1,∥∥fˆ∥∥
Lq
≤ KN1− 1q .
Then for each n ∈ [N/2, N ], we have
f1 ∗ f2 ∗ f3(n) ≥
(
Cǫ − Oǫ,K,q(η)
) ·N2,
where Cǫ > 0 is a constant only depending on ǫ.
Let us explain how to apply Lemma 2.1 to deduce Theorem 1.1. Assume that
X is sufficiently large and n ∈ (X/2, X ] is odd. Let w = log log log logX and
W =
∏
p≤w
p prime
p.
Let N = ⌊X/W⌋ + 1. For each 0 ≤ b < W with (b,W ) = 1, define
λW,b(n) :=
{
φ(W )
W
· log p, if Wn− b = p for prime p ∈ [1, X ],
0, otherwise.
In [5], Green proved that ∥∥λ̂W,b − 1̂[N ]∥∥L∞ = o(N) (2.1)
as N →∞.
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Suppose that c > 1 satisfies the weak Balog-Friedlander condition. Define
ν
(c)
W,b(n) :=
{
φ(W )
W
· cp1− 1c log p, if Wn− b = p for prime p ∈ Nc ∩ [1, X ],
0, otherwise.
Note that for any θ ∈ [0, 1),
ν̂
(c)
W,b(θ) =
∑
p∈Nc∩[1,X]
p≡−b (mod W )
φ(W )
W
· cp1− 1c log p · e
(
θ · p+ b
W
)
=
∑
p∈Nc∩[1,X]
φ(W )
W
· cp1− 1c log p · e
(
θ · p+ b
W
)
· 1
W
W∑
k=1
e
(
k · p+ b
W
)
=
φ(W )
W 2
W∑
k=1
e
(
(θ + k) · b
W
)
· ν̂(c)1,0
(
θ + k
W
)
. (2.2)
Similarly, we have
λ̂W,b(θ) =
φ(W )
W 2
W∑
k=1
e
(
(θ + k) · b
W
)
· λ̂1,0
(
θ + k
W
)
. (2.3)
Clearly (1.1) implies
∥∥ν̂(c)1,0 − λ̂1,0‖L∞ = OA(N(logN)−A)
for any A > 0. It follows from (2.2) and (2.3) that
∥∥ν̂(c)W,b − λ̂W,b‖L∞ = OA(N(logN)−A). (2.4)
So ∥∥ν̂(c)W,b − 1̂[N ]∥∥L∞ = o(N), N →∞, (2.5)
by (2.1).
Furthermore, suppose that P ⊆ [N ] is an arithmetic progression with |P | ≥
N/w. Write P = {r, r + q, r + 2q, . . . , r + (L − 1)q}. Then similarly as (2.2) and
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(2.3), we also have∑
n∈P
ν
(c)
W,b(n) =
∑
r≤n≤r+(L−1)q
n≡r (mod q)
ν
(c)
W,b(n)
=
1
q
q∑
k=1
e
(
− r
q
) ∑
r≤n≤r+(L−1)q
ν
(c)
W,b(n) · e
(
nk
q
)
=
1
q
q∑
k=1
e
(
− r
q
) ∑
r≤n≤r+(L−1)q
λW,b(n) · e
(
nk
q
)
+OA
(
N
(logN)A
)
=
∑
n∈P
λW,b(n) +OA
(
N
(logN)A
)
.
Since q ≤ w, each prime factor of q also divides W . By the prime number theorem,∑
n∈P
λW,b(n) =
∑
Wr−b≤p≤W (r+(L−1)q)−b
p≡Wr−b (mod Wq)
φ(W )
W
· log p
=
φ(W )
W
· WLq
φ(Wq)
+OA
(
N
(logN)A
)
= L+OA
(
N
(logN)A
)
,
i.e.,
1
|P |
∑
n∈P
ν
(c)
W,b(n) = 1 +OA
(
N
(logN)A
)
. (2.6)
Suppose that c1, c2, c3 > 1 satisfy the weak Balog-Friedlander condition. Suppose
that m ∈ [X/2, X ] is odd. Then we may choose 1 ≤ b1, b2, b3 < W with (bi,W ) = 1
such that
m ≡ −(b1 + b2 + b3) (mod W ).
Let n = (m+ b1 + b2 + b3)/W . Clearly n ∈ [N/2, N ]. Let
fi = ν
(ci)
W,bi
for each 1 ≤ i ≤ 3. If we could show that
f1 ∗ f2 ∗ f2(n) > 0, (2.7)
then there exist x1, x2, x3 ∈ [N ] such that n = x1 + x2 + x3 and ν(ci)W,bi(xi) > 0 for
i = 1, 2, 3. Let pi = Wxi + bi. Then each pi ∈ Nci is prime and
m = p1 + p2 + p3.
Theorem 1.1 is concluded.
Arbitrarily choose a small constant ǫ > 0 and let η > 0 be another small constant
to be choose later. According to (2.6), for each 1 ≤ i ≤ 3, f = fi satisfies (i) of
Lemma 2.1. And in view of (2.5), ν = ν
(ci)
W,bi
also satisfies (ii) of Lemma 2.1. Suppose
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that (iii) of Lemma 2.1 is valid for f = fi, too. Then it follows from Lemma 2.1
that
f1 ∗ f2 ∗ f3(n) ≥
(
c(ǫ)− Cǫ,K,q · η
)
N2,
where Cǫ,K,q > 0 is a constant only depending on ǫ,K, q. Since ǫ is fixed, we may
choose a sufficient small η > 0 such that
c(ǫ) > Cǫ,K,q · η.
Then we get (2.7).
Hence, our remainder task is to show that for each 1 ≤ i ≤ 3,∥∥fˆi∥∥Lq ≪ N1− 1q (2.8)
for some 2 < q < 3.
3. The Lq-estimation
In this section, following the way of Bourgain in [2], we shall show that∥∥fˆ∥∥
Lq
≪ N1− 1q (3.1)
for some 2 < q < 3, provided that 0 ≤ f ≤ ν(c)W,b and c ∈ (1, 6/5) satisfies the weak
Balog-Friedlander condition. For convenience, below we abbreviate λW,b and ν
(c)
W,b
as λ and ν respectively. Clearly (3.1) follows from the next theorem.
Theorem 3.1. Suppose that c ∈ (1, 2) satisfies the weak Balog-Friedlander condi-
tion Let f : Z→ C be a function with |f | ≤ ν. Then for any
u > 2 +
4(c− 1)
2− c ,
we have ∫ 1
0
|fˆ(α)|udα≪u Nu−1. (3.2)
For any δ ∈ (0, 1), let
Rδ := {α ∈ [0, 1) : |fˆ(α)| > δN}.
Let
v0 = 2 +
4(c− 1)
2− c .
Lemma 3.1. For any ǫ0 > 0,
mes (Rδ)≪ǫ0
1
δv0+ǫ0N
. (3.3)
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Let us explain why Lemma 3.1 implies Theorem 3.1. In fact, if (3.3) is valid,
then we have∫ 1
0
|fˆ(α)|udα ≤
∑
j≥0
(
N
2j−1
)u
·mes
({
α ∈ [0, 1) : N
2j
< |ψˆ(α)| ≤ N
2j − 1
})
≪ǫ0
∑
j≥0
(
N
2j−1
)u
· 1
( 1
2j
)v0+ǫ0N
= 2uNu−1
∑
j≥0
1
2(u−v0−ǫ0)j
≪ Nu−1,
(3.4)
where the last step follows from the assumption u > v0 + ǫ0.
However, the proof of Lemma 3.1 requires another auxiliary lemma. Define
τ
(c)
W,b(n) :=
{
cm1−
1
c , if Wn− b = m for some m ∈ Nc ∩ [1, X ],
0, otherwise.
Lemma 3.2. Let f : Z→ C be a function with |f | ≤ τ (c)W,b. If
u > 2 +
4(c− 1)
2− c ,
then ∫ 1
0
|fˆ(α)|udα≪u Nu−1. (3.5)
Proof of Lemma 3.1 by assuming that Lemma 3.2 holds. Assume that
δ < (logN)
−
2v0
ǫ0
−1
. (3.6)
Then
(δN)v0+
1
2
ǫ0 ·mes (Rδ) ≤
∫ 1
0
|fˆ(α)|v0+ 12 ǫ0dα
=
(
φ(W )
W
· 2 logN
)v0+ 12 ǫ0 ∫ 1
0
|fˆ∗(α)|v0+ 12 ǫ0dα,
where
f∗(n) :=
W
φ(W )
· f(n)
2 logN
.
Clearly f∗ ≤ τ (c)W,b. By Lemma 3.2,∫ 1
0
|fˆ∗(α)|v0+ 12 ǫ0dα≪ Nv0+ 12 ǫ0−1.
Hence
mes (Rδ)≪ (logN)
v0+
1
2
ǫ0
δv0+
1
2
ǫ0N
≤ 1
δv0+ǫ0N
.
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Below we always assume that
(logN)
−
2v0
ǫ0 ≤ δ < 1.
And we shall factly show that
mes (Rδ)≪ 1
δ2+ǫ0N
. (3.7)
Suppose that θ1, . . . , θR ∈ Rδ are N−1-spaced, i.e., for any θ ∈ Rδ, there exists
1 ≤ r ≤ R such that
‖θ − θr‖ ≤ 1
N
.
Then
mes (Rδ) ≤ 2R
N
. (3.8)
We shall show that
δ2γNγR2 ≪
∑
1≤r,r′≤R
|νˆ(θr − θr′)|γ, (3.9)
where
γ := 1 +
ǫ0
3
.
Since θr ∈ Rδ, we have
|fˆ(θr)| ≥ δN.
It follows that
R2δ2N2 ≤
( R∑
r=1
|fˆ(θr)|
)2
.
Since |f | ≤ ν, for each n, we may write
f(n) = anν(n)
with |an| ≤ 1. Further, for 1 ≤ r ≤ R, write
|fˆ(θr)| = brfˆ(θr)
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where |br| = 1. Then
R2δ2N2 ≤
( R∑
r=1
br
∑
n∈Z
anν(n)e(θrn)
)2
≤
(∑
n∈Z
|an|2ν(n)
)
·
(∑
n∈Z
ν(n)
∣∣∣∣ R∑
r=1
bre(θrn)
∣∣∣∣2)
≤
(∑
n∈Z
ν(n)
)
·
∑
1≤r,r′≤R
brbr′
∑
n∈Z
ν(n)e
(
(θr − θr′)n
)
≪N
∑
1≤r,r′≤R
∣∣νˆ(θr − θr′)∣∣.
Thus (3.9) is derived by using the Ho¨lder inequality.
Choose a large constant B > 0. For q ≥ 1 and 0 ≤ a < q with (a, q) = 1, let
Ma,q := {θ ∈ [0, 1) : ‖θ − aq−1‖ ≤ (logN)BN−1}.
Define the major arc
M :=
⋃
1≤a≤q≤(logN)B
(a,q)=1
Ma,q,
and the minor arc
m := [0, 1) \M.
According Green’s discussions in [5], we know that for each θ ∈ m,
λˆ(θ)≪ N(logN)−
4v0
ǫ0
−3
, (3.10)
provided that B is sufficiently large. Green also proved that if θ ∈ Ma,q for some
q ≤ (logN)B, then
λˆ(θ)≪ǫ qǫ− 12 min{N, ‖θ − aq−1‖−1}+N exp(−C
√
logN) (3.11)
for any ǫ > 0, where C > 0 is a constant.
Write θr,r′ = θr − θr′ . Recall that by (2.4),
|νˆ(θr,r′)| = |λˆ(θr,r′)|+OA(N(logN)−A)
for any A > 0. If θr,r′ ∈ m, then by (3.10),
|νˆ(θr,r′)| ≪ N(logN)−
4v0
ǫ0
−3
.
So ∑
1≤r,r′≤R
θr,r′∈m
∣∣νˆ(θr,r′)∣∣γ = o(R2Nγδ2γ)
by recalling that δ ≥ (logN)−
2v0
ǫ0
−1
.
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Assume that θr,r′ ∈Ma,q where q ≤ (logN)B and (a, q) = 1. By (3.11), we have
νˆ(θr,r′)≪ǫ,A qǫ− 12 min{N, ‖θr,r′−aq−1‖−1}+N exp(−C
√
L)+N(logN)−A (3.12)
for any ǫ > 0 and A > 0. Set
Q := δ∗ + δ
−5
where δ∗ > 0 is a large constant to be chosen soon. If q > Q, then in view of (3.12),
we also have
νˆ(θr,r′)≪ NQ− 37 +N(logN)−
6v0
ǫ0
−3 ≪ (δ∗ + δ−5)− 37 ·N,
i.e., ∑
1≤r,r′≤R
θr,r′∈Ma,q for q>Q
∣∣νˆ(θr,r′)∣∣γ ≪ NγR2 ·min{δ− 37γ∗ , δ 157 γ}. (3.13)
Note that the constants implied in (3.9) and (3.13) are both independent on δ∗.
We may choose a sufficiently large constant δ∗ such that∑
1≤r,r′≤R
θr,r′∈Ma,q
for q≤Q
∣∣νˆ(θr,r′)∣∣γ = ∑
1≤r,r′≤R
∣∣νˆ(θr,r′)∣∣γ − ∑
1≤r,r′≤R
θr,r′∈Ma,q
for q>Q
∣∣νˆ(θr,r′)∣∣γ − ∑
1≤r,r′≤R
θr,r′∈m
∣∣νˆ(θr,r′)∣∣γ
≫δ2γNγR2. (3.14)
When q ≤ Q, since ‖θr,r′ − aq−1‖ ≤ N−1(logN)B now, we have
νˆ(θr,r′)≪ǫ q
ǫ
γ
− 1
2 min{N, ‖θr,r′ − aq−1‖−1}
for any ǫ > 0. Thus by (3.14), we obtain that
δ2γNγR2 ≪
∑
1≤a≤q≤Q
(a,q)=1
∑
1≤r,r′≤R
θr,r′∈Ma,q
∣∣νˆ(θr,r′)∣∣γ ≪ǫ ∑
1≤a≤q≤Q
(a,q)=1
∑
1≤r,r′≤R
θr,r′∈Ma,q
Nγqǫ−
γ
2
(1 +N‖θr,r′ − aq‖)γ
(3.15)
for any ǫ > 0. Let
F (θ) =
1
(1 +N‖θ‖)γ
and
G(θ) :=
∑
1≤a≤q≤Q
(a,q)=1
qǫ−
γ
2 · F
(
θ − a
q
)
.
Evidently, (3.15) is equivalent to
δ2γR2 ≪
∑
1≤r,r′≤R
G(θr,r′). (3.16)
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And if ‖θ − θ′‖ ≤ N−1, then
F (θ) ∼ F (θ′), G(θ) ∼ G(θ′).
Let σ be a function over [0, 1) such that
(1) σ(θ) ∈ [0, C] for each θ ∈ [0, 1);
(2) supp σˆ ⊆ [−N,N ];
(3) ‖σ‖L1 ≪ R/N ;
(4) σ(θ) ≥ 1 if ‖θ − θr‖ ≤ 1/N for some 1 ≤ r ≤ R.
Let
κ(θ) =
{
1, if θ ∈ (− 1
10N
, 1
10N
),
0, others.
Clearly
σ(θ)≫
R∑
r=1
κ(θ − θr).
Let
σ1(θ) := σ(−θ).
Then
(σ ∗ σ1)(θ) =
∫ 1
0
σ(t)σ(t− θ)dt
≫
∫ 1
0
( R∑
r=1
κ(t− θr)
)
·
( R∑
r=1
κ(t− θ − θr)
)
dt
=
∑
1≤r,r′≤R
∫ 1
0
κ(t− θr)κ(t− θ − θr′)dt
≫
∑
1≤r,r′≤R
κ(θ − θr,r′)
N
.
So
〈G, σ ∗ σ1〉 =
∫ 1
0
G(θ) · (σ ∗ σ1)(θ)dθ
≫ 1
N
∑
1≤r,r′≤R
∫ 1
0
G(θ) · κ(θ − θr,r′)dθ
Recall that G(θ) ∼ G(θr,r′) if κ(θ − θr,r′) = 1. So, by (3.16),
〈G, σ ∗ σ1〉 ≫ 1
N
∑
1≤r,r′≤R
G(θr,r′)
∫ 1
0
κ(θ − θr,r′)dθ ≫ δ
2γR2
N2
. (3.17)
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On the other hand, we have
Gˆ(k) =
∫ 1
0
G(θ)e(kθ)dθ =
∑
q≤Q
q−1∑
a=0
qǫ−
γ
2
∫ 1
0
F
(
θ − a
q
)
e(kθ)dθ
=
∑
q≤Q
qǫ−
γ
2
∫ 1
0
F (θ)e(kθ)
( q−1∑
a=0
e
(
ka
q
))
dθ = Fˆ (k)
∑
q≤Q
q|k
q1+ǫ−
γ
2 .
So
|Gˆ(k)| ≪ |Fˆ (k)| · d(k;Q) ≤ ‖F‖L1 · d(k;Q)≪ d(k;Q)
N
,
where
d(k;Q) := |{q ≤ Q : q | k}|.
Recall that supp σˆ ∈ [−N,N ]. It follows that
〈G, σ ∗ σ1〉 =
∑
|k|≤N
|Gˆ(k)| · |σˆ(k)|2 ≪ 1
N
∑
|k|≤N
|σˆ(k)|2 · d(k;Q)
≤ 1
N
(
Qτ
∑
|k|≤N
d(k;Q)≤Qτ
|σˆ(k)|2 + ‖σ‖2L1
∑
|k|≤N
d(k;Q)≥Qτ
d(k;Q)
)
.
Since σ is bounded and ‖σ‖L1 ≪ R/N , we have∑
|k|≤N
d(k;Q)≤Qτ
|σˆ(k)|2 ≤
∑
|k|≤N
|σˆ(k)|2 =
∫ 1
0
σ(θ)2dθ ≤ ‖σ‖L∞
∫ 1
0
|σ(θ)|dθ≪ R
N
.
And according to [2, Lemma 4.28], for any A > ǫ0/15,∑
|k|≤N
d(k;Q)≥Q
ǫ0
15
d(k;Q) ≤ Q
∑
|k|≤N
d(k;Q)≥Q
ǫ0
15
1≪ Q · N
QA
.
So
〈G, σ ∗ σ1〉 ≪ Q
ǫ0
15R
N2
+
Q1−AR2
N3
. (3.18)
Finally, choosing a sufficiently large A and combining (3.18) with (3.17), we
obtain that
δ2γR2
N2
≪ Q
ǫ0
15R
N2
+
Q1−AR2
N3
,
i.e.,
R≪ δ−2γQ ǫ015 ≪ δ−2− 23 ǫ0−5· ǫ015 = δ−2−ǫ0 .
So (3.7) is concluded by (3.8).

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4. The proof of Lemma 3.2
The following lemma is the well-known van der Corput inequality.
Lemma 4.1. Suppose that ∆ > 0 and
|f ′′(x)| ≍ ∆
for any x ∈ [X,X + Y ], where f ≍ g means f ≪ g ≪ f . Then∑
X≤n≤X+Y
e
(
f(n)
)≪ Y∆ 12 +∆− 12 .
Let
ψ(t) = {t} − 1
2
.
Lemma 4.2. For each H ≥ 2,
ψ(t) = − 1
2πi
∑
0<|h|≤H
e(ht)
h
+O
(
min
{
1,
1
H‖t‖
})
.
Furthermore, we have
min
{
1,
1
H‖t‖
}
=
∞∑
h=−∞
bhe(ht),
where
bh ≪ min
{
logH
H
,
H
h2
}
.
Lemma 4.3. For each θ ∈ [0, 1),∑
n≤N
n∈Nc
cn1−
1
c · e(nθ) =
∑
n≤N
e(nθ) +O(N
3
2
− 1
c logN). (4.1)
Proof. Since ∑
n≤N
n∈Nc
cn1−
1
c · e(nθ) =
∑
k≥0
∑
N/2k+1<n≤N/2k
n∈Nc
cn1−
1
c e(nθ),
we only need to prove that∑
n∼N
n∈Nc
cn1−
1
c · e(nθ) =
∑
n∼N
e(nθ) +O(N
3
2
− 1
c logN) (4.2)
where n ∼ N means N/2 < n ≤ N . It is easy to verify that n ∈ Nc if and only if
[−n 1c ]− [−(n + 1) 1c ] = 1.
14 SHANSHAN DU AND HAO PAN
Clearly
[−n 1c ] = −n 1c − ψ(−n 1c )− 1
2
.
So∑
n∼N
n∈Nc
cn1−
1
c · e(nθ) =
∑
n∼N
e(nθ) · cn1− 1c ([−n 1c ]− [−(n + 1) 1c ])
=
∑
n∼N
e(nθ) · cn1− 1c (ψ(−(n + 1) 1c )− ψ(−n 1c )) +
∑
n∼N
e(nθ) · cn1− 1c ((n+ 1) 1c − n 1c )
=
∑
n∼N
e(nθ) · cn1− 1c (ψ(−(n + 1) 1c )− ψ(−n 1c )) +
∑
n∼N
e(nθ) +O(1).
According to Lemma 4.2,∑
n∼N
e(nθ) · cn1− 1c (ψ(−(n + 1) 1c )− ψ(−n 1c ))
=− 1
2πi
∑
0<|h|≤H
1
h
∑
n∼N
e(nθ) · cn1− 1c (e(−h(n + 1) 1c )− e(−hn 1c ))
+N1−
1
c · O
(∑
n∼N
min
{
1,
1
H‖n 1c ‖
})
.
Clearly
e(−h(n + 1) 1c )− e(−hn 1c ) = −2πih
c
∫ 1
0
(n+ u)
1
c
−1e(−h(n + u) 1c )du.
For u ∈ [0, 1), since
d2
dx2
(xθ ± h(x+ u) 1c ) = ±c− 1
c2
· h
(x+ u)2−
1
c
,
by Lemma 4.1, we obtain that
∑
n∼N
e(nθ − h(n + u) 1c )≪ N · h
1
2
N1−
1
2c
+
N1−
1
2c
h
1
2
.
It follows that∑
n∼N
n1−
1
c
(n + u)1−
1
c
· e(nθ − h(n + u) 1c )≪ N 12ch 12 +N1− 12ch− 12 + 1.
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Hence ∑
0<|h|≤H
∑
n∼N
e(nθ) · cn1− 1c (e(−h(n + 1) 1c )− e(−hn 1c ))
≪
∫ 1
0
( ∑
0<|h|≤H
∑
n∼N
n1−
1
c
(n+ u)1−
1
c
· e(nθ − h(n + u) 1c )
)
du
≪
∑
0<|h|≤H
(N
1
2ch
1
2 +N1−
1
2ch−
1
2 + 1)
≪N 12cH 32 +N1− 12cH 12 +H.
On the other hand,
N1−
1
c
∑
n∼N
min
{
1,
1
H‖n 1c ‖
}
=N1−
1
c
∞∑
h=−∞
bh
∑
n∼N
e(hn
1
c )≪ N1− 1c
∞∑
h=−∞
|bh| · (h 12N 12c +N1− 12ch− 12 )
≪N1− 1c
∑
|h|<H
logH
H
· (h 12N 12c +N1− 12ch− 12 ) +N1− 1c
∑
|h|≥H
H
h2
· (h 12N 12c +N1− 12ch− 12 )
≪N1− 12cH 12 logH +N2− 32cH− 12 logH +N1− 12cH 12 +N2− 32cH− 12 .
Finally, letting H = N1−
1
c , we obtain that∑
0<|h|≤H
∑
n∼N
e(nθ) · cn1− 1c (e(−h(n + 1) 1c )− e(−hn 1c ))≪ N 32− 1c ,
and
N1−
1
c
∑
n∼N
min
{
1,
1
H‖n 1c ‖
}
≪ N 32− 1c logN.
Thus (4.2) is derived. 
Now we are ready to prove Lemma 3.2. Recall that τ
(c)
W,b(n) = cm
1− 1
c or 0
according to whether m = Wn − b ∈ Nc ∩ [1, X ] or not. For convenience, we
abbreviate τ
(c)
W,b as τ . Let N = ⌊X/W ⌋+ 1. We shall prove that
Lemma 4.4. Let f : Z → C be a function with |f | ≤ τ . Then for any u >
2 + 4(c− 1)/(2− c), ∫ 1
0
|fˆ(α)|udα≪u Nu−1. (4.3)
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Proof. Let v0 := 2 + 4(c− 1)/(2− c) and let Rδ := {α ∈ [0, 1) : |fˆ(α)| > δN} for
any δ ∈ [0, 1). According to (3.4), we only need to show that
mes (Rδ)≪ǫ0
1
δv0+ǫ0N
(4.4)
for any ǫ0 > 0.
Suppose that θ1, . . . , θR ∈ Rδ are N−1-spaced. Choose a sufficiently small ǫ1 > 0
such that
2 +
4(c− 1)
2− c− 2c · ǫ1 < v0 +
ǫ0
2
.
Suppose that
δ ≤ N− 12c+ 14+ ǫ12 .
Then
(δN)2 ·mes (Rδ) ≤
∫ 1
0
|fˆ(α)|2dα ≤
∑
n
τ(n)2 ≪ (WN)2− 1c .
Note that
N1−
1
c = (N
1
2c
− 1
4
−
ǫ1
2 )
4(c−1)
2−c−2cǫ1 ≤ δ− 4(c−1)2−c−2cǫ1 .
So
mes (Rδ)≪ W
2− 1
c
δ2N
1
c
≤ W
2− 1
c
δ
2+ 4(c−1)
2−c−2cǫ1N
≤ 1
δv0+ǫ0N
.
Below we always assume that
δ ≥ N− 12c+ 14+ ǫ12 .
Let γ = 1 + ǫ0/3. Since |f | ≤ τ , similarly as (3.9), we also have
δ2γNγR2 ≪
∑
1≤r,r′≤R
|τˆ(θr − θr′)|γ. (4.5)
Note that for any θ ∈ [0, 1)
τˆ(θ) =τ̂
(c)
W,b(θ) =
1
W
W−1∑
k=0
e
(
(θ + k) · b
W
)
· τ̂ (c)1,0
(
θ + k
W
)
=
1
W
W−1∑
k=0
e
(
(θ + k) · b
W
) ∑
m≤X
e
(
m · θ + k
W
)
+O(X
3
2
− 1
c logX)
=
∑
m≤X
m≡−b (mod W )
e
(
θ · m+ b
W
)
+O(X
3
2
− 1
c logX).
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Clearly ∑
m≤X
m≡−b (mod W )
e
(
θ · m+ b
W
)
=
∑
n≤N
e(θ · n)≪ min{N, ‖θ‖−1}.
So (4.5) implies
δ2γNγR2 ≪
∑
1≤r,r′≤R
Nγ
(1 +N‖θr,r′‖)γ .
In view of (3.15) and using the similar discussions, we also can obtain that
R≪ δ−2−ǫ0 ,
i.e.,
R ≪ 1
δ2+ǫ0N
.

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